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Äèñêðåòíûé îïåðàòîð èìååò ñëåäóþùèé âèä:

Lk = T k + uk−1(n)T
k−1 + · · ·+ u0(n).

Çäåñü uj(n) - íåêîòîðûå ôóíêöèè, k ∈ N - ïîðÿäîê îïåðàòîðà,

T - îïåðàòîð ñäâèãà, òî åñòü

(Tf)(n) = f(n+ 1), n ∈ Z.

Äèñêðåòíûé îïåðàòîð åñòåñòâåííûì îáðàçîì äåéñòâóåò íà ìíîæåñòâå

ôóíêöèé ({f : Z → R}):

(Lkf)(n) = f(n+ k) + uk−1(n)f(n+ k − 1) + · · ·+ u0(n)f(n).
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Ïóñòü

Lk = T k+uk−1(n)T
k−1+· · ·+u0(n), Ls = T s+vs−1(n)T

s−1+· · ·+v0(n),

ãäå uj(n), vi(n) - íåêîòîðûå ôóíêöèè.
Åñëè

Ls(Lkfn) = fn+k+s+(vs−1(n)+uk−1(n+s))fn+k+s−1+. . .+v0(n)u0(n)fn,

Lk(Lsfn) = fn+k+s+(vs−1(n+k)+uk−1(n))fn+k+s−1+. . .+v0(n)u0(n)fn,

ãäå fn = f(n), òî â îáùåì ñëó÷àå Ls(Lkfn) ̸= Lk(Lsfn).

Öåëü ýòîé ðàáîòû - íàéòè òàêèå îïåðàòîðû Lk, Ls, ÷òî

Ls(Lkfn) = Lk(Lsfn).
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Óñëîâèå êîììóòàöèè ïàðû (Lk, Ls) ýêâèâàëåíòíî ñëîæíîé ñèñòåìå

íåëèíåéíûç äèñêðåòíûõ óðàâíåíèé íà èõ êîýôôèöåíòû. Ýòè

óðàâíåíèÿ èçó÷àþòñÿ, íà÷èíàÿ ñ íà÷àëà XX âåêà (Wallenberg, 1909).

Öåïî÷êà Òîäû

∂2t ϕn = eϕn−ϕn−1 − eϕn+1−ϕn

[L1,L2] = 0,

L1 = ∂t − T − ϕnt, L2 = ∂t − eϕn−ϕn−1

[Lj , Ls] = 0, [Lj , Lk] = 0, [Ls, Lk] = 0, j = 1, 2
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Åñëè [Lk, Ls] = 0, òî ñóùåñòâóåò ìíîãî÷ëåí Q(z, w) ̸= 0 òàêîé, ÷òî

Q(Lk, Ls) = 0.

Γ = {(z, w) ∈ C2 : Q(z, w) = 0}.

Ïóñòü ψ - ñîâìåñòíàÿ ñîáñòâåííàÿ ôóíêöèÿ (ò. í. ôóíêöèÿ

Áåéêåðà-Àõèåçåðà). Òîãäà

Lkψ = zψ, Lsψ = wψ, (z, w) ∈ Γ.
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L2 = T 2 + U(n)T + V (n), L2g+1 = T 2g+1 + v2g(n)T
2g + · · ·+ v0(n).

w2 = Fg(z) = z2g+1 + c2gz
2g + · · ·+ c0.

Ïðèìåðû1:

(T + r1cos(n))
2 + sin(g)sin(g+1)

2cos2(g+ 1
2
)
r21cos(2n), r1 ̸= 0.

(T + α2n
2 + α0)

2 − g(g + 1)α2
2n

2, α2 ̸= 0.

(T + β1a
n)2 + a2g+a2g+2−a4g+2−1

(a2g+1+1)2
β21a

2n, β1 ̸= 0, a ̸= 0.

1Ìàóëåøîâà Ã. Ñ., Ìèðîíîâ À. Å., Îäíîòî÷å÷íûå êîììóòèðóþùèå
ðàçíîñòíûå îïåðàòîðû ðàíãà 1, ÄÀÍ, 466:4 (2016) 399-401.



Èññëåäîâàíèå êîììóòèðóþùèõ äèñêðåòíûõ îïåðàòîðîâ

Èìååò ìåñòî ðàâåíñòâî

L2 − z = (T + Un + Un+1 + χn+1(P ))(T − χn(P )),

ãäå

χn(P ) =
ψn+1(P )

ψn(P )
=
Sn
Qn

+
w

Qn
,

Sn(z) = −Unz
g + δg−1(n)z

g−1 + . . .+ δ0(n), Qn = −Sn−1 + Sn
Un−1 + Un

.

Ôóíêöèè Un,Wn, Sn(z) óäîâëåòâîðÿþò óðàâíåíèþ

Fg(z) = S2
n + (z − U2

n −Wn)QnQn+1.

(Un+Un+1)(Sn−Sn+1)−(z−U2
n−Wn)Qn+(z−U2

n+1−Wn+1)Qn+2 = 0.
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Òåîðåìà

Îïåðàòîð âèäà

L2 = (T + α2n
2 + α1n+ α0)

2 − g(g + 1)α2n(α2n+ α1), α2 ̸= 0

êîììóòèðóåò ñ íåêîòîðûì îïåðàòîðîì L2g+1 ïîðÿäêà 2g + 1.
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Èäåÿ äîêàçàòåëüñòâà

Ìîæíî çàìåòèòü, ÷òî íàø îïåðàòîð çàïèñûâàåòñÿ â âèäå

L2 = (T + a2(n+ β)2 + γ)2 − g(g + 1)a22(n+ β)2 + δ.

Îòáðîñèâ êîíñòàíòó δ, ìû ïîëó÷àåì îïåðàòîð, î÷åíü ñõîæèé ñ

L′
2 = (T + a2n

2 + γ)2 − g(g + 1)a22n
2,

êîòîðûé áûë ïîëíîñòüþ ðàññìîòðåí â îðèãèíàëüíîé ñòàòüå.

Òàê ÷òî ìû óæå çíàåì, ÷òî ñóùåñòâóåò L′
2g+1, êîììóòèðóþùèé ñ L′

2.

Èç íåãî ìû è ïîëó÷èì èñêîìûé L2g+1 îäíèì íåõèòðûì äåéñòâèåì.
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Ñîïðÿæåíèå êàê îñíîâíàÿ èäåÿ

Ïóñòü V - îïåðàòîð ñäâèãà íà β : (V f)(n) = f(n+ β). Òîãäà
¾íåõèòðûì äåéñòâèåì¿ ñòàíåò ñîïðÿæåíèå àëãåáðû îïåðàòîðîâ

îïåðàòîðîì V :

(T + a2n
2 + γ)2 − g(g + 1)a22n

2 V (... )V −1

−−−−−−−→

V (... )V −1

−−−−−−−→ (T + a2(n+ β)2 + γ)2 − g(g + 1)a22(n+ β)2.

Ýòî ñîïðÿæåíèå ϕ åñòü àâòîìîðôèçì àëãåáðû îïåðàòîðîâ

=⇒ ϕ(L′
2g+1) êîììóòèðóåò ñ ϕ(L

′
2) = L2.

Ïîýòîìó îïåðàòîð L2g+1 = ϕ(L′
2g+1) ÿâëÿåòñÿ èñêîìûì.


